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UNCORRELATEDNESS AND ORTHOGONALITY
FOR VECTOR-VALUED PROCESSES

PETER A. LOEB, HORST OSSWALD, YENENG SUN, AND ZHIXIANG ZHANG

ABSTRACT. For a square integrable vector-valued process f on the Loeb prod-
uct space, it is shown that vector orthogonality is almost equivalent to com-
ponentwise scalar orthogonality. Various characterizations of almost sure un-
correlatedness for f are presented. The process f is also related to multilinear
forms on the target Hilbert space. Finally, a general structure result for f
involving the biorthogonal representation for the conditional expectation of f
with respect to the usual product o-algebra is presented.

1. INTRODUCTION

This paper considers the almost sure uncorrelatedness and almost sure orthog-
onality of vector-valued processes. If a vector-valued process with almost surely
uncorrelated random variables is assumed to be jointly measurable in the usual
sense, then the vector-valued random variables are almost surely trivial (see Re-
mark below). Thus a richer product measure-theoretic framework is needed
to work with such processes. As demonstrated in [13], the Loeb product measure
spaces do provide such a rich framework for scalar-valued processes with almost
surely uncorrelated random variables. Here we show that the Loeb product frame-
work works well in the vector case.

Our probability spaces are formed from two internal probability spaces (T, A, v)
and (€, B, p). We denote by (T x 2, A® B, v ® p) the internal product space of T
and Q. The Loeb spaces over (T, A,v) and (2, B,p) are denoted by (T, L,(A),?)
and (Q, Ly(B),Dp), respectively (see Chapter 5 in [I1] for the detailed construc-
tion and properties of Loeb spaces). The Loeb space over the internal prod-
uct (T'x Q, A® B,v ® p) is called the Loeb product space; it is denoted by

(T x Q, Lygp (A® B),@). Although the definition of the Loeb product in-

volves the internal factor spaces (T, .A4,v) and (9, B,p), it is shown in [§] that
it actually depends only on the Loeb spaces of the internal factors, i.e., only on
(T, L, (A),7) and (2, L, (B), p).

The Loeb product space is much richer than the completion of the usual prod-
uct (T'x Q,L, (A) ® L, (B),V ® p). For simplicity, we shall use the same notation
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(T'xQ,L, (A)®L,(B),7®p) to denote both the usual product and its comple-
tion. As already noted in [2], (T X Q, Lygp (A® B), @) extends the product

space (T'x Q,L, (A)® L, (B),v®p). It is shown in [I3] that the inclusion is al-
ways proper when the factor spaces (T, L, (A), V) and (€2, L,(B),p) are non-atomic
(a specific example can be found in [I] p. 74). In fact, Theorem 6.2 in [I3] shows
that the Loeb product space is very rich in the sense that it can be endowed with
independent processes that are not measurable with respect to the usual product
o-algebra L, (A) ® L, (B) but have almost independent random variables with any
variety of distributions. In addition, it is shown in [3] that there is a continuum
of increasing Loeb product null sets with large gaps in the sense that their set
differences have U ® p-outer measure one.

The rest of this paper is organized as follows. It is obvious that the orthogonal-
ity condition for vector-valued random variables is weaker than the orthogonality
condition for scalar-valued random variables obtained from each fixed component.
It is surprising that when a large collection of vector-valued random variables is
considered, vector orthogonality is almost equivalent to componentwise scalar or-
thogonality. This result is shown in Section 2. Section 3 presents a Keisler-type
Fubini theorem for Banach-valued processes on Loeb product spaces. Based on
this kind of Fubini property and on some standard measure-theoretic methods, we
generalize in Section 4 to the vector case some results on scalar orthogonality and
uncorrelatedness in [13], including the characterization of a version of the law of
large numbers for vector-valued processes via almost sure uncorrelatedness. In Sec-
tion 5, we relate processes taking values in separable Hilbert spaces to multilinear
forms on such spaces. Many new results are obtained. A general structure result
for a square integrable Hilbert space valued process on the Loeb product space is
presented in Section 6.

2. VECTOR VERSUS COMPONENTWISE ORTHOGONALITY

In this section we demonstrate the equivalence between the almost sure orthog-
onality (defined below) of an [?>-valued vector function and of its components on
the Loeb product space. Note that every separable Hilbert space is isomorphic to
12, so we can also say that this equivalence holds in general for a separable Hilbert
space H. Throughout this paper the Hilbert spaces that we work with are always
assumed to be separable.

To avoid convergence problems and problems caused by the difference between
the measures @ and U ® p, we shall work with a *finite-dimensional space F that
is closely related to H. If F is a *finite-dimensional subspace of *H with an internal

orthonormal basis (e;),.., then for elements a,b € *H we set

(@b)g = {a,e)- (be) = (wp(a), m(),
i<y
where 7 denotes the orthogonal projection from *H onto E. Set

2

lallg = llre(@)] = | D {a,e)®

1<y

Note that the values (a,b), and |a|; do not depend on the choice of the or-
thonormal basis of E. If a,b € *H, then we shall write a ~g b when ||a — b||; =~ 0.
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We will identify each a € H with *a € *H. The following result is a straightforward
consequence of saturation.

Proposition 2.1. There ezists a *finite-dimensional subspace F of *H such that

(1) *E CF for each finite-dimensional subspace E C H.

(2) I*a|lp = |la|| for each a € H.

(3) Each orthonormal basis (¢;);cy of H can be extended to an internal orthonor-
mal basis (ei)igw of F, where ~y is the internal dimension of F.

Moreover, since the polarization identity allows the scalar product to be defined
in terms of the norm, (*a,*b)p ~ (a,b) for each a,b € H.

Fix a real number ¢ > 1. Denote by L4(p,H) the set of L,(B)-measurable
functions f : Q — H for which | f||? is p-integrable. We identify two functions f
and ¢g in LI(p,H) if ||f — g|| = 0 p-as. If H = R, we will write L9(p) instead of
19(5, H).

Let SL(p,F) denote the set of all internal B-measurable functions F' : Q@ — F
such that w — ||F(w)||£ is S-integrable with respect to the internal measure p (see
Chapter 5 in [I1]). If F = *R, we shall simply write SL%(p).

The following result is a slight modification of well-known results of Anderson
and Loeb ([2], [9]).

Proposition 2.2. Given a function f:Q — H,
(1) f is Ly(B)-measurable iff f has a lifting F': Q — F, i.e., F is internal and
B-measurable and for p-almost all w € Q

" (f(w)) mr F(w);
(2) f € LYp,H) iff f has a lifting F : Q — F in SL(p,F).

We call an L, g,(A® B)-measurable function f : T'x Q — H an almost surely
orthogonal process if f, | f; for v2-almost all (s,t) € T2, where f, and f; are the
random variables f(s,-) and f(t,-) defined on ©, and f, L f; means [, (fs, fe) dp =
0.

Lemma 2.3. Fiz F: T xQ — F in SL?> (v ®p,F) and ® : Q — F in SL? (p,F).
Then e

(1) (Fs, Fy)p € SLY(p) for v2-almost all (s,t) € T?.

(2) (s,t) — [ (Fs, Fy)p dp € SL*(v?).

(3) (Fs, @), € SL(p) for U-almost all s € T.

(4) s — [ (Fs, @)y dp € SL*(v).

Proof. (1) By Keisler’s Fubini theorem (see [7] and Chapter 5 in [11]), there exists
a set U C T such that 7(U) = 1 and ||[Fy|y € SL?*(p) for all t € U. Now fix
(s,t) € U x U and an N € B. Then, by Holder’s inequality,

2
2 2 ~0 if p(N) =0,
([ rariean) < [1mizan [ 1mizay { = 00

This proves (1).
(2) By Keisler’s Fubini Theorem, t ~— [, ||F;||zdp € SL'(v). It follows that

(5,0) o /Q |Fu2dp- /Q |12 dp € SL'(?).
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Since
([ trrsi) < [1niza- [ 151w,
(2) is true.
The proofs of (3) and (4) are similar. O

Let o be a real-valued random variable with mean zero and variance one on ).
Define two vector-valued random variables ® and ¥ by letting ®(w) = (a(w), a(w))
and ¥(w) = (a(w),—a(w)). It is obvious that ® and ¥ are orthogonal, i.e.,
Jo (@, %) dp = 0; but the first component of ® and the first component of ¥ are not
orthogonal. Thus vector orthogonality is not equivalent to componentwise scalar
orthogonality. It is surprising that these two concepts are essentially equivalent for
a large collection of vector-valued random variables (taking values in the Hilbert
space [?).

Theorem 2.4. Suppose f : TxQ — 12 is in L? (1@, 12). Then f is almost surely

orthogonal if and only if each component function f* € L? (1@), 1=1,2,..., s

almost surely orthogonal.

Proof. Since f € L? (@, l2> Ilfll € L? (@) Keisler’s Fubini theorem implies
that there exists a v-full set T such that || f;|| € L?(p) for all t € Ty,

Suﬁiczency Suppose for each i, f? is almost surely orthogonal in L?(p). Then
there is a v2-full set D; for every i, such that

/ fifidp =0 for all (s,t) € D;.
Q

Let D = (Ty x Tp) N (Nj=q Di). Then D is a 2-full subset of T x T. We then have

that, for (s,t) € D, sup,, | > iy fi(w) fi(w)] < || fs(@)] - | fe(w)]| for any w € Q, and
the Dominated Convergence Theorem implies that

O—Z/f’ftdp /fotdp | 5. a5

Thus f is almost surely orthogonal in L?(p,[?). o
Necessity. Tt suffices to show that for each t' € To, Jo Ji Fidp = 0 for D-almost all

t € T. Here, we need only show [, ([, (fi,¢)d ) dv(t) = 0 for any ¢ € L?(p,1?).
We use the above propositions and lemma with H = 2. Fix an internal orthonormal

basis (e;) of F, and fix liftings F € SL? (1/ ® p, ) and ® € SL? (p,F) of f, ¢,
respectively. Then we have

/T</Q <ft,80>dﬁ>2dﬁ(t)—(by Prop. 2.1),

/T (/Q *{Ft, D)y dﬁ>2 dv(t) = (by Lemma 2.3(3)),

[5%%

/T (O/Q (F, ®)p dp>2 dv(t) ~ (by Lemma 2.3(4)),
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/ ( / <Ft,<1>>de)2du(t>

/ / (Fu(w), B(@))g (F(N), BN dp? (w0, N ()
/ S (@ (), e5) - /T (Fu(w). es) (Fr(N), &) do(t)dp? (o, \)
. <A-B=0.

Here, the quantity A is given by

/ S (@ (V). ¢5)? dp? (w, \)

4,5 <y

= [ 1B 190012 drw. ) (/ () 2 dp( )

and this is limited since ® € SL? (p,F). The quantity B is given by

/ > </ ><Ft()\)a€j>dV(t))2dp2(w,>\)

1,5 <y

=[5 [ B (E0.6) (e (0.6 d ()i )

4,5 <y

/T2/ Z (Fy,ei) (Fs,ei)dp - /Z (Fy, ¢;) (Fs,¢;) dpdv®(s,t)

i<y i<y

:/T2 (/sz,e» <Eg7ei>dp>2du2<s7t>,

/T2 </Q {Fe Fop dp)2 dv?(s,t) ~ (by Lemma 2.3(2)),
/T2 <O/Q <Ft7FS>]de)2d;5(svt) = (by Lemma 2.3(1)),

/T2 (/Q s dp)Qd;E(s’t)z (by Prop. 2.1),
[ (] dﬁ)QCﬁ(S,t) L

since f is almost surely orthogonal. Thus B is an infinitesimal, and hence A-B = 0,

and
/T (/Q (e ) dﬁ>2dﬁ(t) ~0,

whence we are done.
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3. VECTOR-VALUED FUBINI THEOREM ON LOEB PRODUCT SPACE

In this section we extend Keisler’s Fubini theorem to the Banach case, even
though only the Hilbert-valued case is needed here in later sections. We will need
the following well-known result.

Lemma 3.1. Let ¥ be a bounded linear operator from a Banach space X to a Ba-
nach space Y. If f is Bochner integrable with respect to measure p on a measurable
space (S,S), then for each U € S,

e

Proof. See, e.g., [15] or [6]. O

Theorem 3.2 (Keisler’s Fubini theorem for vector-valued random variables). Fiz
f:TxQ—=DBinL! (@, B), where (B, || - ||) is a Banach space. Then

(1) For v-almost all t € T, f(t,-) is Bochner integrable with respect to p;
(2) t — [q, fedp is Bochner integrable with respect to U; and

(3) foQ fd@ = fT fQ frdpdu(t).

Proof. Since the function f is Bochner integrable, there exists a sequence (fn)nen
of L,gp (A ® B) -measurable simple functions such that

(i) (Ifn = fl)pen is a decreasing sequence of non-negative functions and tends
to 0 liéb\p—a.s.7 and -

(if) limn—oo fpyq Ifn — flldv®p=0.
(See G. Da Prato, J. Zabczyk [A].)

It follows, by Keisler’s scalar-valued Fubini theorem and Lebesgue’s theorem,
that there exists a U-full set T} such that for all ¢ € T},

(ili) limp—oo || fn(t,-) — f(¢, )|l = 0 p-a.s.,

(1) Timg oo oy |t ) — £t )| dp = 0.
It follows that f; is Bochner integrable for all ¢t € Ty, whence (1) is true.

Fix t € Ty. It follows from (iv) and the fact that [, fn(t,-)dp is L, (A)-
measurable that [, f;dp is L, (A)-measurable. Since

/ /ftdﬁ ap(t) s/ 178D < oo,
T Q TxQ

t— [, fedp is U-Bochner integrable. Thus (2) is true.
Now we turn to the proof of (3). It follows from Lemma 3.1 and the scalar-valued
Keisler Fubini theorem that for every ¢ € B’ (the topological dual space of B)

([, 975) =+ ] )

Thus foQ fd@ = fT fQ f:dpdr(t). This finishes the proof. O

4. PROPERTIES OF VECTOR UNCORRELATEDNESS AND ORTHOGONALITY

Let U denote the conventional product L, (A)® L, (B) of respective Loeb spaces.
In this section it will be shown that the almost sure uncorrelatedness and orthogo-
nality for Hilbert space valued vectors on the Loeb product space can be character-
ized by the conditional expectation with respect to U. For a p-integrable function
g on ©, denote the integral [, gdp by Eg.
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We call an L,g,(A @ B)-measurable function f : T x @ — H almost surely

uncorrelated if E(f, fi) = (Efs,Ef:) for v2-almost all (s,t) € T2 For each
w € Q, the sample function f(-,w) defined on T is denoted by f,,. We have the
following results resembling those in the scalar-value case in [13] and [14].

Lemma 4.1. Fiz a function f : T x Q — H in L (@,H), If E(flU) = h,
where h is an element in L' (T, L,(A),?V),H), then for p-almost all w € Q,f, is
integrable on (T, L,(A),?), and for any given A € L,(A), [, fudv = [, hydD(t)
for p-almost all w € Q). Furthermore, hy = Efy for U-almost all t € T.

Proof. By Theorem 3.2, Ef; is L,(A)-measurable. Theorem 3.2 also yields the
result that for each A € L,(A), B € L,(B),

[ [ rewwwie - [ gawi- [ g

= / hdv @ p = / / hdvdp.
AxXB BJA

Note that H is a separable Hilbert space. Choose a sequence {¢, 52 ; that is dense
in H'. Then for any fixed n > 1 and A € L, (A),

[ on ([ i) i) = [ o ( [ hav) dp

holds for all B € L, (B). By the uniqueness of the Radon-Nikodym derivatives and

by grouping countably many null sets together, it follows that for p-almost all w € ,

on ([, fud?) = on ([, hedD(t)) holds for all n > 1. Thus, [, fudv = [, hydi(2).
Note that we also have

//fdﬁdﬁ://hdﬁdﬁ:/hdﬁ
AJa AJa A

for any A € L,(A). By the same argument as above, we have h; = E f; for D-almost
allt e T. O

As in the scalar case in [13], [14], we say that the vector valued process f satisfies
the consistency law if the first result in the above lemma holds, that is, if for
any given A € L,(A), [, fodv = [, hedD(t) for p-almost all w € Q, where h is an
element in L' (T, L,(A),7), H).

To characterize the almost sure orthogonality, we say the random variables f;
are almost surely orthogonal as defined in Section 2, i.e., E(fs, fi) = 0 for
v2-almost all (s,t) € T?. The sample functions f,, are said to be almost surely
orthogonal if [ (fu, (t), fu,(t)) dv(t) = 0 for pAQ—almost all (wy,w2) € Q2. We
will show these two definitions are equivalent. For this purpose we first prove the
following properties about orthogonality.

Lemma 4.2. Fizr f : TxQ —He L? (@,H),

(i) If the random variables f; are almost surely orthogonal in L?(p,H), then
E(flU) =0, and for all A € L,(A), [, fodV =0 for p-almost all w € Q.

(i) If the sample functions f, are almost surely orthogonal in L?*(v,H), then
E(flU) =0, and for all B € L,(B), [5 f(t,w)dp(w) =0 for U-almost all t € T, in
particular, Ef; =0 for U-almost all t € T.
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Proof. Suppose f;’s are almost surely orthogonal. Keisler’s Fubini theorem implies
that for all A € L, (A),

OZ/AXAE<ft1aft2>d;5(t1ﬂt2)

:/Q</Aft1dﬁ(t1),/Aft2d9(t2)>dﬁ:E( /Aftdﬁ(t)H)Q'

Thus [, fidv(t) = 0, p-a.s. It follows from Keisler’s Fubini theorem that the integral
Jawp fdr@p=0forany A € L,(A), B € L,(B). Since {D €U : [, fdv@p =0}
is a sigma-field containing all A; x By with A; € L, (A), By € L,(B), the Monotone
Class Theorem (see, e.g., [4]), implies that [, fdr@p = 0 for all D € Y. Thus
E(fiU) = 0.

If the f,’s are almost surely orthogonal, the corresponding results can be proved
similarly by symmetry. ]

Theorem 4.3. For f : T x Q — H in L? (@,H), the following statements are
equivalent:

(1) E(fld) = 0;

(2) the fi’s are almost surely orthogonal in L?(p,H);

(3) the f.’s are almost surely orthogonal in L*(V, H).
Proof. (1)==(2): Suppose E(f|i) = 0. It follows from Lemma A1l that Ef; = 0
for D-almost all ¢. Since f € L? (@, H), Keisler’s Fubini Theorem implies that
there is a D-full set Tp such that for all t € Ty, f; € L? (p, H). Therefore for t' € Ty,
E[(f, f)[U] (t,w) = 0. By Lemma BT, [,(f, fr)dp = 0 for D-almost all ¢t € T

Keisler’s Fubini theorem implies that for v2-almost all (¢,t'), E[{f:, fv')] = 0, i.e.,
the f;’s are almost surely orthogonal in L?(p, H).

By symmetry, (1)==-(3) follows.

(2)=(1) and (3)=(1) have been proved in Lemma H.2] O

Next we characterize uncorrelatedness.

Theorem 4.4. Fiz f : T xQ — H in L! (@,H), The following are equivalent:
(1) E(f\U) = h, where h is an integrable function on (T, L,(A),7).
(2) f satisfies the consistency law, i.e., for any given A € L,(A), fA fodv =
Jaxa fdv @ p for p-almost all w € .
Furthermore, for f : TxQ — H in L? (@, H) , both (1) and (2) are equivalent

to either of the following:
(3) The fi’s are almost surely uncorrelated.
(4) The centered random variables f; — Ef; are almost surely orthogonal.

Proof. (1)=(2): This follows from Lemma [Z1]
(2)==>(1): For all A € L,(A), [, fudv = [, Efidv(t) for p-almost all w € Q.
Thus for any A € L,(A) and B € L,(B),

/A iaE - /B /A fododp(w)
- /B /A Ef,dp(t)dp = /A XBEftd@(tw)-
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Thus we obtain (1) by the similar argument as in the proof of Lemma [1.2 using the
Monotone Class Theorem.
(3)<=>(4): This follows from the identity that

E[(ft =Efe, fs = Efs)] = E[(fe, fs)] — (Eft, Efs)

forall t,s € T.

(4)==(1): This follows from Lemma

(1)==(4): It follows from Lemma Tl that h; = Ef; for v-almost all ¢. Let
e(t,w) = f(t,w) —Efi. Then E(e|f) = 0. By Theorem 3] e is an almost surely
orthogonal process; i.e., the centered random variables f; — Ef; are almost surely
orthogonal. O

Remark 4.5. We know from Theorem [£4] that if an almost surely uncorrelated
Hilbert-valued process f is measurable with respect to the usual product o-algebra
U= L,(A) ® L,(B), then for v-almost all ¢t € T, the random variable f;(-) is non-
random. Note that this type of result holds not only for the product of two Loeb
spaces but also for the product of any two probability spaces as in Proposition 1.1
of [14]. We mention here that it is shown in Theorem 6.2 of [13] that there are
many almost surely pairwise independent processes on the Loeb product spaces.
Therefore there are many almost surely uncorrelated processes; see Remark
below.

5. APPLICATIONS TO MULTILINEAR FORMS

In this section we apply the results above to continuous multilinear forms.
Throughout the section, H, Hj, ..., H, are separable Hilbert spaces. For brevity,
their norms are simply expressed by || - ||. There should be no confusion.

Multilinear forms play an important role in Malliavin Calculus: let Cp be the
space of continuous functions, defined on [0, 1], with values in an abstract Wiener
space B over H: let W be the Wiener measure on Cg. Then the kernel of the n-th
level of the chaos decomposition of a functional ¢ € L?(W) is a function g, defined
on [0,1]", with values in the space of continuous n-fold real multilinear forms on
H. Thus g : Hy x -+ x H,, x [0,1]" — R with H; = H. Since the Lebesgue space
[0,1]™ can be represented by a Loeb probability space T™, we may assume that
g :H; x--- xH, x T" — R. For more details see [12].

Note that, since H = H’, the dual of H, a multilinear function on Hj x --- x H,,
with values in H is a real-valued multilinear function, defined on Hj x - - - x H,, x HL.
Therefore it suffices to study real-valued continuous multilinear functions (called
multilinear forms).

The following lemma provides a tool to verify the integrability. Its routine proof
is omitted.

Lemma 5.1. If ¥ : Hy x---xH,, — R is multilinear (that is, U(hy,..., hi,..., hy)
is linear in each h;) and continuous, then there exists a constant A > 0 such that
forany h;, e H;, i=1,...,n,

U1,y h)| < ATT Rl
i=1

The following result is crucial in proving other results on multilinear forms in
this section.
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Theorem 5.2. Let @ : H; x --- x H,, x 2 — R be a Borel ® Loeb measurable func-
tion, and f* an H;-valued process on T x Q for eachi € {1,...,n}. Suppose that for
some j, ®(hi,...,hj,..., hn,w) is linear and continuous with respect to h;, and fi
is an almost surely orthogonal process. Assume that ®(f1(t1,w),..., f" (tn,w) w)
is integrable on (T™ x Q, Lyngy (A" @ B), I/T(E?p) Then it follows that for v™-almost
all (tl, - ,tn) er”,

!Lwﬁwwwmwmmmm:&

Proof. Without loss oig\enerality, suppose j = 1. By Keisler’s Fubini theorem in
Section 3, there is a v~ 1-full set D C T™ !, such that for any (t2,...,t,) € D,
g(t,w) = @ (fH(w), fA(W),- .-, fI' (w),w) € L (v@p,H). It suffices to show that
Eg: = 0 for v-almost all ¢ € T. For this, it suffices to show that E[g|i] = 0 by
Theorem 3] By Lemmas and 1], and Theorem [3.2] we have for all A €
Lu(A), B € L,(B),

/ gd@
AxB

:/ B (f (), 2@, 1 (), w) AT B Dt w)
AxB
// Lt ), f2 () 1 (@) ) dD(0)d(w)

:/B@ </A fHtw)dv(t), f2(w),.... fI (w),W> dp(w)
=L®@ﬁ@%wﬁ())7)—0

whence we are done. O

Remark 5.3. If ®(f!(w), [ (w), ..., f" (w),w) € L2(0™ @ p,H), then Theorem
implies that the process g(t,w) is almost surely orthogonal.

It should also be mentioned that there exists a Loeb space (£2,p) that repre-
sents the probability space (Cg, W). Here, the Malliavin derivative of a Malliavin
differentiable functional ¢ € L?(p) belongs to L2(v @ p, H) (see [12]).

Corollary 5.4. Fori=1,...,n, fir f' : T x Q — H; and ¢’ : Q — H;. Suppose
that (1) for each i, fi € L*" (@, Hi) and ¢t € L*(p,H;); or (2) for each i,
' € H; is deterministic and f* € L™ (@, Hi). Assume that one of the processes

f? is almost surely orthogonal. Then for v -almost all (t1,...,t,) €T™,

n

E[[(f.¢") =0.

i=1
Proof. This follows from Theorem[5:2 by taking ®(h1, ..., hn,w)=[Tr, (hi, ¢*(w)).
Note that [, (f, ¢%) € LY (0" & p, R) follows from Hélder’s inequality. O

By symmetry, we also have results similar to those in Theorem for a t-
parameterized function that is continuous and linear with respect to some of its
arguments. Here is an example.
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Proposition 5.5. Suppose f : T x Q — H in L? (@, H) is almost surely

orthogonal, and fix a bounded measurable function h : T — H and ¥, a bilinear
form on H x H. Then the process g defined by g(t,w) = U(f(t,w),h(t)) is also
almost surely orthogonal.

Proof. Note that g is still square integrable. For all A € L, (A), B € L,(B), Lemma
implies that

/ U(f, h)dr @ p = / fo(/ fdp, h)dv = / (0, h)dD = 0.
AxB A JB A
Thus, E [g|Ud] = 0. The result then follows from Theorem A3l O

The following theorem relates almost surely uncorrelated processes with stochas-
tic multilinear forms.

Theorem 5.6. Let n > 2 be a fized integer. Suppose that for all i € {1,...,n},
T xQ — H; in L™ (@, Hi) are almost surely uncorrelated processes. Let

®:H; x---xH, x Q2 — R be a measurable function, continuous and multilinear
with respect to arguments in Hy x - - - x H,, that satisfies the following condition for
a positive constant A:

®(ha, . b, w)| < AT MRall hi € Hiyi=1,...,m, we Q.

i=1

Then for v™-almost all (t1,...,t,) € T",

[eth e = [ o[ .., [ mipe)a)

Proof. Note that the processes fg —-E ftii7 1 =1,...,n, are almost surely orthogonal.
Repeatedly applying Theorem B2, we almost surely have

E[®(fL,... )]
=E® (fL —Bfi 2 Sl ) + B (BFLLF o fE)
=E® (]‘E)']l.tll,ftz2 .. .,fgi/; )

= (Ef},... . Bff L Ef-).
Note that all the integrals exist by Holder’s inequality. O

Recall that membership of ¢ : O — H in L (p, H) means that ||¢|| : @ — R is
in L (D).
Theorem 5.7. Fiz f' : T x Q — H; in L™ (@,HO and ¢ : Q — H; in

L>®(p,H;), i = 1,...,n, where n is a positive integer. Suppose that f' is almost
surely uncorrelated for i =1,...,n. Suppose p',...,o" are mutually independent.
Then for v™-almost all (t1,...,t,) in T",

LI e | =T (ES By

3 3

E
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Proof. Note that for h, € H;, i = 1,...,n, U(hy,...,hy,w) = Hi<hi,<pi(w)>
is continuous and multilinear with respect to (hi,...,h,), thus satisfying all the
conditions in Theorem B.6 with A being the product of the p-essential bounds of
¢ (w)ll. Thus E [T, (fi,¢")] = EIL,; (Efi,¢") for vi-almost all (t1,...,t,) €
T™. By the mutual independence of the ¢'’s, ET], <Eftl,gol> = HiE<Eftii,<pi>.
The result then follows from Lemma [3.1] O

The next theorem extends Theorem 2.4.

Theorem 5.8. Fiz f : T x Q — H in L? (@, H). Then f is almost surely

orthogonal (resp., uncorrelated) if and only if for every a € H, the real-valued
process (fi,a) is almost surely orthogonal ( resp., uncorrelated).

Proof. Note that for a € H, (f,a) € L? (1@) By Theorem 4.4, we need only

prove the orthogonality result.

The proof of sufficiency is similar to the proof of the sufficiency in Theorem 2.4
by replacing the ith component f? by (f, a;), where {a1,az, ...} is an orthonormal
basis of H.

Necessity follows from Theorem[5. 7 and Lemmal2] by taking n = 2, H; = Hy =
H, f! = f2 = f (note that here f? is not the ith component of f), and ¢! = ¢? = a
(non random). O

Remark 5.9. Fix f: T x Q — H € L? (@, H). Suppose that f is almost surely
pairwise independent. Then for any a € H, the process (a, f) is still almost surely
pairwise independent, and thus almost surely uncorrelated. Hence Theorem B.g
implies that the process f is almost surely uncorrelated.

The following is a corollary of Theorem

Corollary 5.10. Let n > 2 be a fized integer. Suppose that for all i € {1,...,n},
T xQ — H; is in L™ (@, Hi), Suppose for each fized i, fi, w € Q, are
almost surely exchangeable, i.e., there is a distribution p; on H; x H; such that
forpAQ—almost all (wr,wa), (f5,, fL,) has distribution p;. Let ® : Hy x -+ x H, — R
be a multilinear form on Hy x - - - x H,,. We then have for v -almost all (t1, -y tn),

/Q@(ftll,...,fg;)dﬁzé(/Qfgldﬁ,...,/ﬂfg;d@.

Proof. By Theorem 5 in [I4] and the symmetric roles of T' and 2, we know that
the exchangeability of f! implies the almost sure pairwise independence, hence
uncorrelatedness (by the above remark), of i, ¢t € T. The result then follows from
Theorem B.6. (]

There are many variations of results concerning multilinear forms, orthogonality
and uncorrelatedness. When multiple t's and w’s are involved, different sub-o-
algebras of the product Loeb space appear. We give the following two relevant
theorems to end this section.

Theorem 5.11. Suppose f* : T x Q — H; in L™ (@,HO is almost surely

orthogonal, i = 1,2,....,n withn > 2. Let ¥ : Hy x --- x H,, — R be a multilinear
form. Then
(1) E[¥ (1 (11, @),y [ty w)) [Lun (A™) ® Ly(B)] = 0;
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[ (f (t,w1),. .. (twn))|L( )®Ln(3")]=0
0§k#l<nand1<k+l<2n then

E [\If (fl(tl,wl), .. ,f”(tn,wn)) Uk, l;n —k,n— l)} =
where U(k,l;n — k,n — 1) denotes
Lykgp (.Ak ® Bl) & Lyn—rgpn-1 (.Anik ® anl);

(4) for v -almost all (t1,...,t,) €T™,

/Q\Iv(fél,...,f;;)dﬁ:o;

(5) for p-almost all (Wi,y...,wp) € Q"

/Tq/ (FL@1)s s f7 () dB(E) =

6) if0<k#1<nandl < k41 < 2n, then for any permutations o,T of

{1,2,...,n} and for vk @ pl-almost all (ty,,. .. tog,Wr .- wn) in TF x QL the
integral of the function ¥ (fl(tl,wl), ce f"(tn,wn)) with respect to the variables
(tojsrs-sloy,Wryyy- oy Wr,) is zero. That is,

/ ) v (L (@), 2 (wn)) dvn=F @ pr=U(to,, wr, )iz kt1,52141 = 0.
T’IL XQ!L

Proof. By Theorem [£3] (1) implies (4), (2) implies (5), and (3) implies (6). To
prove (1), we start with any A € Ln(A®---® A), B € L,(B), and set Ay, . ¢, =
{tl eT, (tl,tg, .. .,tn) S A} Then

/ U (fL (W), (@) P Dt )
AxXB
/ / U (L @), £ () AD(t)dv™ 1 @ plta, . . . tn,w)
Trn=1xB A

because the almost sure orthogonality of f! implies that

/A U (1 (0 @),y " (b)) dB(12)

t2,..,tn

- </A ,,,,, 1t w)dp(t), ..., f”(tn,w)>
_\II( af (tn,w)):()

by Lemmas BIland @2l Thus we obtain (1) while (2) has a similar proof.

To prove (3) and (6), simply note that there is an index ¢ € {1,...,n} such
that the pair (t;,w;) is neither part of (t5(1),. .., to),wr@),---,wWr@)) nor part of
(to(kt1)s -+ to(n), Wr(+1)s - - - »Wr(n)) (i-€., ; belongs to one group while w; belongs
to the other group). Then use a proof similar to the one above. O
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We also have the following result for the uncorrelatedness.

Theorem 5.12. Suppose f' : T x Q — H; € L" (@,Hi) is almost surely

uncorrelated, t = 1,2,...,n withn > 2. Let ¥ : Hy x --- xH,, — R be a multilinear
form. For any fized positive integer m < n, if T is a map from {1,...,n} onto
{1,...,m}, then for v™ ® p™-almost all (t1,...,tn,w1,...,Wm),

E [\Ij (fl(tlva(l))a ceey fn(tnva(n))) |LV" (An) ® Lp’” (Bm)]
=V (Ef.,...,Ef").

Proof. For any A in L,n(A"™) and any B in L,m(B™), set A¢y,.oop,, = {t1 € T :

(t1,t2,...,t,) € A}. Then by Keisler’s Fubini theorem and Lemma B,

/ v ('fl(tl’w"'(l))""7fn(tnvw‘r(n))) dl/@m
AxB

:/ / v (fl(tlva(l))a e '7fn(tn7w7'(n))) di)(tl)dyn71 ®pm
Tr=1xBJA

Ut wr)do(ta), ..o [ (tn, w‘r(n))) dvn=1t @ pm

t2,..stn

I

—
|

x
5]

=

~

—

Efp,dp(ty), ... 7f"(tmwr<n>)> dyn=1 @ pm

t2,..5tn

:/ / U (ESL oo [ (b wr ) dO(t2)dn =L @ p
Tn-1xB.JA

to,..itn
:/ v (Eftlla . '7fn(tn7w7'(n))) dl/@m(tla s 7tn;w1a .- '7wm)

:/ G (Eftll,...,Efgi) dV@m(tl,...,tn,wl,...,wm),
AxB

where dV”—/lapm is shorthand for du”—/lgpm(tg, ey tn, Wi, ..., wm). This com-
pletes the proof. O

6. BIORTHOGONAL REPRESENTATION

In this section we show that every f &€ LQ(@, H) can be represented as the
sum of a series of biorthogonal products and an almost surely orthogonal process
as in Theorem 4.2 of [13].

Let f € L2(v ® p, H). Define K : L2(p) — L2(p) as follows. For ¢ € L%(p),

1) Ko(w) = /T (60, S )N TE D). € 2

Then we have the following result.

Lemma 6.1. Suppose that f € LQ(@,H) and the operator K is defined by
equation (1). Then K is a self-adjoint, positive semi-definite, compact operator.

Proof. The routine proof, using in part well-known facts about Hilbert-Schmidt
operators, is left to the reader. O
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Let v1,72,... be the non-increasing sequence of all the positive eigenvalues of
K with each eigenvalue being repeated up to its multiplicity. Let 1, @2,... be the
corresponding eigenfunctions adjusted to form an orthonormal family. Set

¢l vl®) =3 [ ()R = 1.2
Now we turn to the main result of this section. Recall that & = L, (A) ® L, (B).

Theorem 6.2. For f: T x Q — H in L? (@, ]HI), the operator K is defined by

equation (1), with v1,72, ... eigenvalues of K in non-increasing order repeated up to
its multiplicity, p1,@a, ... the corresponding eigenfunctions, forming a orthonormal
system. Let ¥1,19,... be defined by (2). Then 11,a,... form an orthonormal
system; and

(3) E(f|U)(t,w) Zv P (W) (2).

Moreover, f can be decomposed as
(4) f= 271/2 Un(t) + ¢,

where e = [ — E(f|U) is an almost surely orthogonal vector-valued process.

Proof. We first demonstrate that 1,13,... form an orthonormal system in
L?(p,H). For any m,n, Lemma B1] and Theorem [3.2 imply that

<wm’wn>L2 v,H)
= Y2y 71/2fT[f990m )fi(w)d

/212 P Jo son(w') filw')dp(w"))] dp(t)
_/ 3 fTUQSOm Je(W), [ en (W) fi

( W )dp())dp(w)] di(2)
B A T AT O i )dp()dp(!)] do ()
= 7 29 [ o (@)n (@) (i), ful@))dr @ PP (t 0, )
= %ﬁijz 1;2 Jo om (W) Kpn(w)dp(w)
=vm "7 o om(W)nen (w)dpw),
which is zero if m # n, and one if m = n. Thus, 91,2, ... form an orthonormal

system.

To prove (3), we need only prove that for all A € L,(A), B € L,(B), the
integrals of the two sides of (3) with respect to @ on A X B are equal. Let x4
and xp be the indicator functions of A and B. Note that by the self-adjointness of
K, ¢ € ker(K) iff ¢ L range(K). By Theorem [3:2] we can obtain

/ B fU]dr & p = / farEp = / Xaxs TSP
AxXB AxXB TxQ

= / XATrangeK (XB)fd@ + / XATkerK (XB)fd@a
TxQ TxQ
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where Trangex and myer i are the orthogonal projections from L?(p, H) to rangeK
(range of K) and kerK (kernel of K), respectively. By equation (2), we see that

/ XATrangeK (XB)fd@
TxQ

/TxQ Z/XB Jen (W )dp(w')on (W) f (t,w)di(t)dp(w)
= /T Z 782 () A (t) dp()

1/2 v w
/sz W (AT E DL w).

Therefore, we need only show that

/ XATkerK (XB)fd@ =0.
TxQ

By Theorem [3.2],
[ X 1a75p = [ xa [ mrersc () fdpis
TxQ T Q

So we obtain the desired result if we show fQ Trerk (XB)ftdp = 0 for D-almost all
t € T. To this end, we show that for any ¢ € kerK, [, o(w)f(t,w)dp(w) = 0 for
v-almost all ¢. In fact,

/T /Q @ fdp
~ [ ([ etrste.wino). [ owhree i) avt
= [ [t (st [ etwrse.eam) ) dtwrinte
~ [ [ [ eee) (e, 0.6 dpaplerany

- /Q (@) Kp(w)dp(w) = 0.

Note that (4) follows from (3) and Theorem A3l O

2
dv

Remark 6.3. Define K : L2(0, H) — L*(7, H) such that for ¢ € L2(D, H),
0= [ [ (o). v wdp)intn). € T

Then it is easy to verify that K is a compact operator, and for each n, ¥, is an
eigenfunction of K with corresponding eigenvalue y,. We further remark that it is

also true that ¢, (w) = 7;1/2 S (fo @), ¥n(t))D(t) for n=1,2,....

We conclude this section by mentioning that the biorthogonality representation
can also be of the above form but with ¢,, belonging to L?(p, H) and v, belonging
to L*(D) for all n.
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